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Quaternions and dual quaternions provide compact and simple parametrizations for the groups $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {SE}(3)$$\end{document}$. This accounts for their importance in fields such as kinematics, robotics and mechanism science. In this context, polynomials over quaternion rings in one indeterminate can be used to parameterize rational motions. Factorization of polynomials corresponds to the decomposition of a rational motion into rational motions of lower degree. Since linear factors generically describe rotational motions, factorizations with linear factors give rise to a sequence of revolute joints from which mechanisms can be constructed \[[@CR5]\].

In recent years, the theory of quaternion polynomial factorization \[[@CR4], [@CR13]\] has been extended to the dual quaternion case and numerous applications have been found \[[@CR9]--[@CR11]\]. The main difficulty in comparison with the purely quaternion theory is the presence of zero divisors. As of today our general understanding of dual quaternion factorization is quite profound but some questions still remain. Most notably, a complete characterization of all polynomials that admit factorizations with only linear factors and algorithms for computing them are still missing. Both exist for "dense" classes of dual quaternion polynomials \[[@CR11]\].

A first step in research on factorizability and factorization algorithms of polynomials should be the investigation of quadratic polynomials. This has been done for quaternions in \[[@CR6]\] and for split quaternions in \[[@CR2]\]. Results for generalized quaternions, including split quaternions, can also be found in \[[@CR1]\]. The generic case is subsumed in a generic factorization theory as in \[[@CR11], [@CR12]\] while special cases still allow a complete discussion.

In this article, we consider quadratic left polynomials over the split quaternions. Factorization results for these polynomials are among the topics of \[[@CR1], [@CR2]\]. We present different characterizations, tailored towards later geometric interpretation of factorizability, based on the geometry of split quaternions. It is much clearer than the inequality criteria with their numerous case distinctions that had been known so far (c. f. Theorem [3.13](#FPar33){ref-type="sec"}, Corollarys [3.17](#FPar39){ref-type="sec"} and [3.18](#FPar40){ref-type="sec"}). Moreover, we also use our criteria for covering polynomials with non-invertible leading coefficient which hitherto have not been dealt with.

Factorization of quadratic polynomials over the split quaternions is interesting from a purely algebraic viewpoint because, like dual quaternions but unlike ordinary quaternions, the ring of split quaternions contains zero divisors. Their structure is more involved than in the dual quaternion case but, nonetheless, allows a reasonably simple computational treatment and a nice geometric interpretation. It is also relevant in hyperbolic kinematics \[[@CR12]\] and isomorphic to the fundamental algebra of real $\documentclass[12pt]{minimal}
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The remainder of this article is structured as follows: Following a presentation of basic results on split quaternions and their geometry in Sect. [2](#Sec2){ref-type="sec"}, our main results are given in Sect. [3](#Sec5){ref-type="sec"}. We first derive our own inequality conditions and their geometric interpretation for the cases of dependent and independent coefficients under the assumption that the norm polynomial does not vanish in Sects. [3.1](#Sec6){ref-type="sec"} and [3.2](#Sec7){ref-type="sec"}. A geometric interpretation of these cases is given in Sect. [3.3](#Sec8){ref-type="sec"}. The remaining case of vanishing norm polynomial is the topic of the concluding Sect. [3.4](#Sec12){ref-type="sec"}.

Preliminaries {#Sec2}
=============

Split Quaternions and Split Quaternion Polynomials {#Sec3}
--------------------------------------------------

The algebra of split quaternions, denoted by $\documentclass[12pt]{minimal}
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Due to non-commutativity of split quaternion multiplication we have to differ between right and left factors and zeros of a polynomial as well. Consider two split quaternion polynomials *P*, $\documentclass[12pt]{minimal}
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Geometry of Split Quaternions {#Sec4}
-----------------------------

In this section we take a look at the geometry of split quaternions which, as we shall see, is closely related to factorizability of split quaternion polynomials. In particular, the symmetric bilinear form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q:\mathbb {S}\times \mathbb {S}\rightarrow \mathbb {R}, \quad (h,g) \mapsto \frac{1}{2}(h {g}^* + g {h}^*) \end{aligned}$$\end{document}$$will play a vital role. Since it is of signature (2, 2), the real four-dimensional vector-space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {S}$$\end{document}$ together with *q* is a *pseudo-Euclidean space.* Its *null cone* consists of all split quaternions *h* that satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q(h,h) = 0$$\end{document}$. Because of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q(h,h) = h{h}^*$$\end{document}$, these are precisely the split quaternions of vanishing norm.

Some aspects of polynomial factorization over split quaternions have a geometric interpretation in this pseudo-Euclidean space while others are of projective nature. Hence, we also consider the projective space $\documentclass[12pt]{minimal}
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### Definition 2.1 {#FPar1}

The quadric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {P}(\mathbb {S})$$\end{document}$ represented by the symmetric bilinear form *q* is called the *null quadric*. Lines contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}$$\end{document}$ are called *null lines*.

Because the signature of *q* is (2, 2), the null quadric $\documentclass[12pt]{minimal}
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The two families of null lines can be distinguished by algebraic properties of split quaternions.
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### Definition 2.4 {#FPar6}
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### Remark 2.6 {#FPar9}
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### Corollary 2.7 {#FPar10}
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### Proof {#FPar11}
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### Theorem 2.8 {#FPar12}

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h = h_0 + h_1 \mathbf {i}+ h_2 \mathbf {j}+ h_3 \mathbf {k}\in \mathbb {S}\setminus \{ 0 \}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g = g_0 + g_1 \mathbf {i}+ g_2 \mathbf {j}+ g_3 \mathbf {k}\in \mathbb {S}{\setminus }\{ 0 \}$$\end{document}$ are as in Corollary [2.7](#FPar10){ref-type="sec"}. The affine two-plane consisting of all split quaternions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \mathbb {S}$$\end{document}$ solving the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g = xh$$\end{document}$ can be parameterized by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u + \lambda {h}^* + \mu \mathbf {i}{h}^*$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u = (g_0 + g_1 \mathbf {i}) (h_0 + h_1 \mathbf {i})^{-1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \in \mathbb {R}$$\end{document}$. (The same statement holds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g = hx$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u + \lambda {h}^* + \mu {h}^* \mathbf {i}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u = (h_0 + h_1 \mathbf {i})^{-1} (g_0 + g_1 \mathbf {i})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \in \mathbb {R}$$\end{document}$.)

### Proof {#FPar13}

Regarding the system of linear equations arising from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xh = g$$\end{document}$ we have to show the following:*u* solves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xh = g$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${h}^*$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {i}{h}^*$$\end{document}$ solve the corresponding homogeneous system $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xh = 0$$\end{document}$, and$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${h}^*$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {i}{h}^*$$\end{document}$ are linearly independent.(Note that we already know that the solution space is of dimension two.)

The condition that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[h] \vee [g]$$\end{document}$ is a null line yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h {h}^* = g {g}^* = h {g}^* + g {h}^* = 0. \end{aligned}$$\end{document}$$Moreover, it is a left ruling of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}$$\end{document}$ and therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h {g}^* = g {h}^* = 0 \end{aligned}$$\end{document}$$by Eq. ([2.1](#Equ1){ref-type=""}). From Eq. ([2.2](#Equ2){ref-type=""}) we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0 = h {h}^* = (h_0 + h_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^* + (h_2 \mathbf {j}+ h_3 \mathbf {k}) {(h_2 \mathbf {j}+ h_3 \mathbf {k})}^* \end{aligned}$$\end{document}$$and, because $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h \ne 0$$\end{document}$, the norms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_0 + h_1 \mathbf {i}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_2 \mathbf {j}+ h_3 \mathbf {k}$$\end{document}$ are different from zero. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_0 + h_1 \mathbf {i}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_2 \mathbf {j}+ h_3 \mathbf {k}$$\end{document}$ are both invertible and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u = (g_0 + g_1 \mathbf {i}) (h_0 + h_1 \mathbf {i})^{-1}$$\end{document}$ is well defined. We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} u h&= (g_0 + g_1 \mathbf {i}) (h_0 + h_1 \mathbf {i})^{-1} (h_0 + h_1 \mathbf {i}+ h_2 \mathbf {j}+ h_3 \mathbf {k}) \\&= g_0 + g_1 \mathbf {i}+ (g_0 + g_1 \mathbf {i}) (h_0 + h_1 \mathbf {i})^{-1} (h_2 \mathbf {j}+ h_3 \mathbf {k}) \\&= g_0 + g_1 \mathbf {i}+ \frac{1}{(h_0 + h_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^*} (g_0 + g_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^* (h_2 \mathbf {j}+ h_3 \mathbf {k}). \end{aligned} \end{aligned}$$\end{document}$$Equation ([2.3](#Equ3){ref-type=""}) yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0 = g {h}^*&= (g_0 + g_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^* + (g_2 \mathbf {j}+ g_3 \mathbf {k}) {(h_2 \mathbf {j}+ h_3 \mathbf {k})}^*\\&\quad +(g_0 + g_1 \mathbf {i}) {(h_2 \mathbf {j}+ h_3 \mathbf {k})}^* + (g_2 \mathbf {j}+ g_3 \mathbf {k}) {(h_0 + h_1 \mathbf {i})}^* \end{aligned}$$\end{document}$$where the first two terms form the positive part (they are in the span of 1 and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {i}$$\end{document}$) while the two trailing terms form the negative part (they are in the span of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {j}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {k}$$\end{document}$). Positive and negative parts both have to vanish whence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} 0 =&(g_0 + g_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^* + (g_2 \mathbf {j}+ g_3 \mathbf {k}) {(h_2 \mathbf {j}+ h_3 \mathbf {k})}^* \\ \Leftrightarrow&\, (g_0 + g_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^* (h_2 \mathbf {j}+ h_3 \mathbf {k}) = -(g_2 \mathbf {j}+ g_3 \mathbf {k}) {(h_2 \mathbf {j}+ h_3 \mathbf {k})}^* (h_2 \mathbf {j}+ h_3 \mathbf {k}) \end{aligned} \end{aligned}$$\end{document}$$Substituting Eqs. ([2.6](#Equ6){ref-type=""}) into ([2.5](#Equ5){ref-type=""}) we obtain via ([2.4](#Equ4){ref-type=""})$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&u h = g_0 + g_1 \mathbf {i}- \frac{(h_2 \mathbf {j}+ h_3 \mathbf {k}) {(h_2 \mathbf {j}+ h_3 \mathbf {k})}^*}{(h_0 + h_1 \mathbf {i}) {(h_0 + h_1 \mathbf {i})}^*} (g_2 \mathbf {j}+ g_3 \mathbf {k})\\&= g_0 + g_1 \mathbf {i}+ g_2 \mathbf {j}+ g_3 \mathbf {k}= g \end{aligned}$$\end{document}$$and *u*, indeed, solves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xh = g$$\end{document}$.
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Note that the statements of Corollary [2.7](#FPar10){ref-type="sec"} and Theorem [2.8](#FPar12){ref-type="sec"} hold true even if \[*g*\] and \[*h*\] do not span a line but coincide.

Factorization Results {#Sec5}
=====================

In this section, we investigate factorizability of quadratic split quaternion polynomials. Consider a quadratic polynomial$$\documentclass[12pt]{minimal}
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A fundamental result (for example \[[@CR8], Theorem 2\]) relates factorizations to right zeros:

Lemma 3.1 {#FPar14}
---------
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Factorization of Monic Polynomials with Dependent Coefficients {#Sec6}
--------------------------------------------------------------
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Combining Lemmas [3.2](#FPar15){ref-type="sec"} with [3.1](#FPar14){ref-type="sec"}, we can state

### Corollary 3.3 {#FPar17}
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### Remark 3.4 {#FPar18}

Similar results can be obtained for Hamiltonian quaternions \[[@CR6]\]. One noteworthy difference is non-negativity of the Hamiltonian norm $\documentclass[12pt]{minimal}
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We continue by considering monic polynomials whose constant coefficient is not real. Such a polynomial is given by *P* in ([3.1](#Equ7){ref-type=""}) with $\documentclass[12pt]{minimal}
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### Theorem 3.5 {#FPar19}
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### Proof {#FPar20}
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Factorization of Monic Polynomials with Independent Coefficients {#Sec7}
----------------------------------------------------------------

In \[[@CR8]\] the authors showed that the polynomial *P* in ([3.1](#Equ7){ref-type=""}) admits a factorization if its coefficients *a*, *b*, *c* are linearly independent and the leading coefficient *a* is invertible. Assuming, without loss of generality, that $\documentclass[12pt]{minimal}
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The following example illustrates the "interesting" case in the proof of Theorem [3.7](#FPar23){ref-type="sec"}.

### Example {#FPar25}
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Geometric Interpretation for Factorizability of Monic Polynomials {#Sec8}
-----------------------------------------------------------------

Theorems [3.5](#FPar19){ref-type="sec"} and [3.6](#FPar21){ref-type="sec"} relate factorizability of a quadratic split quaternion polynomial to validity of certain inequalities. Some of these conditions are not very intuitive but necessary in order to cover all special cases by the algebraic approach. However, we can give an alternative characterization of factorizability by interpreting the factorization algorithm for quadratic split quaternions geometrically. It turns out that this alternative characterization covers the statement in Theorem [3.7](#FPar23){ref-type="sec"} as well. Hence, the geometrical approach allows a unified characterization of factorizability for quadratic split quaternions with invertible leading coefficient without inconvenient case distinctions.
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### Definition 3.8 {#FPar26}
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Note that we only consider remainder polynomials that have *real* split quaternion coefficients, that is, we only use quadratic factors $\documentclass[12pt]{minimal}
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### Lemma 3.9 {#FPar27}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P = t^2 + b t + c \in \mathbb {S}[t]$$\end{document}$ be a split quaternion polynomial and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R = r_1 t + r_0 \in \mathbb {S}[t]$$\end{document}$ be one of its remainder polynomials. If *R* is of degree one, then *R* has a either a unique root, *R* parameterizes a null line or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0$$\end{document}$ are linearly dependent.

### Proof {#FPar28}
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### Remark 3.10 {#FPar29}

If *P* has a real linear factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t - r \in \mathbb {R}[t]$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = (t-r)^2$$\end{document}$ is a quadratic factor of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P{P}^*$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t - r$$\end{document}$ is a linear factor of the corresponding remainder polynomial *R*. In this case, the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0$$\end{document}$ in Lemma [3.9](#FPar27){ref-type="sec"} are linearly dependent. Conversely, linear dependency of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_0$$\end{document}$ in Lemma [3.9](#FPar27){ref-type="sec"} is equivalent to *R* having a real root $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in \mathbb {R}$$\end{document}$. If *r* is also a root of *M*, then *P* has the real factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t - r \in \mathbb {R}[t]$$\end{document}$. In this case, factorizability is obvious whence we exclude it in the following.

### Theorem 3.11 {#FPar30}
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### Remark 3.12 {#FPar32}

In our proof of Theorem [3.11](#FPar30){ref-type="sec"} we appeal to the proof of Theorem [3.7](#FPar23){ref-type="sec"} whose assumptions are slightly different. This is admissible: The assumed independence of coefficients in Theorem [3.7](#FPar23){ref-type="sec"} implies independence of the coefficients of the remainder polynomial *R*. In Theorem [3.11](#FPar30){ref-type="sec"}, this is not a conclusion but an assumption.

The considerations on remainder polynomials above allow to translate the condition in Theorem [3.11](#FPar30){ref-type="sec"}, that there be a remainder polynomial of degree one, to the possibility to find an interpolation data set $\documentclass[12pt]{minimal}
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### Geometric Interpretation of Theorem [3.5](#FPar19){ref-type="sec"} {#Sec9}
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### Geometric Interpretation of Theorem [3.6](#FPar21){ref-type="sec"} {#Sec10}
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#### Theorem 3.13 {#FPar33}
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The content of Theorem [3.13](#FPar33){ref-type="sec"} is visualized in Fig. [1](#Fig1){ref-type="fig"}. Images in the first and second row refer to the geometric interpretation of Theorem [3.5](#FPar19){ref-type="sec"}, the last row refers to Theorem [3.6](#FPar21){ref-type="sec"}. Images in the first row and the first and second image in the last row correspond to cases that admit factorizations. All other images correspond to cases that don't.Fig. 1Geometric interpretation of factorizability in case of dependent coefficients

### Geometric Interpretation of Theorem [3.7](#FPar23){ref-type="sec"} {#Sec11}
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This is illustrated in Fig. [2](#Fig2){ref-type="fig"}. In the first and second row, we assume that $\documentclass[12pt]{minimal}
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The bottom row illustrates cases where $\documentclass[12pt]{minimal}
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Factorization of Polynomials with Non-invertible Leading Coefficient {#Sec12}
--------------------------------------------------------------------

So far, we considered polynomials $\documentclass[12pt]{minimal}
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### Theorem 3.14 {#FPar34}
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In the ensuing proof of Theorem [3.14](#FPar34){ref-type="sec"} it is possible that the coefficients *b* or $\documentclass[12pt]{minimal}
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### Proof of Theorem 3.14 {#FPar35}
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### Remark 3.15 {#FPar36}
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Finally, we present the missing factorization result for split quaternion polynomials with vanishing norm polynomial and independent coefficients.

### Theorem 3.16 {#FPar37}
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Hence *b* is invertible and the split quaternion $\documentclass[12pt]{minimal}
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Theorem [3.16](#FPar37){ref-type="sec"} in combination with Theorems [3.7](#FPar23){ref-type="sec"} or [3.14](#FPar34){ref-type="sec"} implies a corollary each.

### Corollary 3.17 {#FPar39}

Any quadratic split quaternion polynomial with linearly independent coefficients admits a factorization.

### Corollary 3.18 {#FPar40}

Any quadratic split quaternion polynomial with vanishing norm admits a factorization.

Future Research {#Sec13}
===============

We have presented a complete discussion of factorizability of quadratic polynomials over the split quaternions and provided a geometric interpretation in the (oriented) projective space over the split quaternions. A natural next step is, of course, factorizability questions for higher degree polynomials. We expect to be able to re-use ideas and techniques of this paper. One thing that is already clear is existence of non-factorizable polynomials of arbitrary degree.

Other questions of interest include factorization results for different algebras. One obstacle to generalizations is the lack of a suitable substitute of quaternion conjugation, that is, a linear map that gives inverse elements up to scalar multiples. Existence of such a map and its exploitation for factorization on suitable and interesting sub-algebras are on our research agenda as well. Preliminary results in Conformal Geometric Algebra already exist.
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